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PERMUTATION BINOMIALS OVER FINITE FIELDS
JOSE´ ALVES OLIVEIRA AND F. E. BROCHERO MARTI´NEZ
Abstract. Let Fq denote the finite field with q elements. In this paper we use the
relationship between suitable polynomials and number of rational points on algebraic
curves to give the exact number of elements a ∈ Fq for which the binomial xn(x q−1r + a)
is a permutation polynomial in the cases r = 2 and r = 3.
1. Introduction
Let Fq denote the finite field with q elements. A polynomial f(x) ∈ Fq[x] is called
a permutation polynomial over Fq if the map a 7→ f(a) permutes the elements of Fq.
Important early contributions to the general theory are contained in Hermite [10] and
Dickson [8]. In recent times, the study of permutation polynomial has intensified due
to their applications in cryptography and coding theory [5, 7, 6, 21], resulting in the
emergence of several new classes of these types of polynomials.
Linear polynomials ax + b, with a ∈ F∗q, are the simplest class of permutation poly-
nomials of Fq. Other simple family of permutation polynomials are the monomials; The
monomial xk permutes Fq if and only if gcd(k, q − 1) = 1. Therefore, we have a simple
condition in order to determine if a monomial is a permutation polynomial. Now, char-
acterizing permutation binomials is harder and more interesting. These polynomials have
simple form and they are important because their easy computability. Characterization
of permutation binomials of the form x(x
q−1
2 + a) was made in Niederreiter and Robinson
[15] and others particular classes of binomials have been study by several other authors
(e.g. [1, 2, 11, 12, 19, 22, 25, 26]).
The existence of permutation polynomials and quantity of them with some characteris-
tic have been extensively explored recently. For instance, in the case of monomials, there
are ϕ(q−1) values of k for which xk permutes Fq. The existence of binomials of the forms
x(x
q−1
2 + a) and x(x
q−1
3 + a) for sufficiently large q was shown by Carlitz [4]. In [3], given
t odd, the authors calculate the number of elements a ∈ F2t for which the binomial of the
form x(x
2n−1
3 +a) permutes F2n, where n = 2
it. Finding the exact number of permutation
binomials of the form xn(x
q−1
m + a) is still an open problem. Advances in the solution
of this problem can be find in [23], where the author proved that the number of such
permutation binomials of the form fa(x) = x(x
(q−1)/m + a) is estimated to m!
mm
q+O(
√
q).
There is an interesting connection between permutation binomials and algebraic curves
and this fact was used by Masuda and Zieve to refine the estimate for the number of
permutation binomials, as we can see in the following theorem.
Theorem 1.1. [14, Theorem 3.1] Let n, k > 0 be integers with gcd(n, k, q − 1) = 1,
and suppose q ≥ 4. If gcd(k, q − 1) > 2q(log log q)/ log q, then there exists a ∈ F∗q such
that xn(xk + a) permutes Fq. Further, letting T denote the number of a ∈ Fq for which
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xn(xk + a) permute Fq, and writing r := (q − 1)/ gcd(k, q − 1), we have
r!
rr
(
q + 1−√qMr − (r + 1)rr−1
) ≤ T ≤ r!
rr
(q + 1 +
√
qMr) ,
where Mr := r
r+1 − 2rr − rr−1 + 2.
In order to prove this result, they used the Hasse-Weil’s bound to estimate the number
of Fq-rational points on a curve. The link between polynomials over finite fields and
algebraic curves has been extensively used in counting results. In this article we also use
this relationship, i.e. we use the connection between permutation binomials and algebraic
curves to calculate the exact number of binomials of the forms xn(x
q−1
2 +a) and xn(x
q−1
3 +
a). In this paper we relate the number of permutation binomials of the form xn(x
q−1
2 +a)
to points on an algebraic curve of degree 2 and the number of permutation binomials of
the form xn(x
q−1
3 + a) to rational points on an elliptic curve. Using this relationship, we
calculate the exact number of permutation binomial of the form xn(x
q−1
2 + a) (Theorem
3.2) and permutation binomial of the form xn(x
q−1
3 + a) (Theorem 4.5).
2. Preliminaries
Throughout this article, Fq denotes the finite field with q elements, where q is a power of
a prime p. For each non identically zero polynomial f(x) ∈ Fq[x], let define the index of f
as the smaller positive integerm such such that f can be write as f(x) = xrh(x(q−1)/m)+b,
where b ∈ Fq and h(0) 6= 0. Many criteria for determining whether a polynomial is a
permutation polynomial depends to the numbers r and m. In this line, we use extensively
the following result, proved by Wan and Lidl [24, Theorem 1.2].
Theorem 2.1. Let f(x) := xrh(x
q−1
m ) + b ∈ Fq[x] be a polynomial of index m and α be a
primitive element in Fq. Then, f(x) is a permutation polynomial of Fq if and only if the
following conditions are satisfied:
(i) gcd
(
r, q−1
m
)
= 1;
(ii) h(αi
q−1
m ) 6= 0, for all i with 0 ≤ i < m;
(iii) f(αi)
q−1
m 6= f(αj) q−1m , for all i, j with 0 ≤ i < j < m.
An essentially equivalent criterion for f to permute Fq was given by Zieve [27, Lemma
2.1] and Park and Lee [17, Theorem 2.3]. Note that, if the index of f is small then this
theorem gives an easy way to decide whether a polynomial permutes Fq and we explore
this fact in the main results. However, before we prove our principal results, we need of
the following well known technical lemmas.
Lemma 2.2. [13, Theorem 5.4] If χ is a nontrivial multiplicative character of F∗q, then∑
g∈F∗q
χ(g) = 0.
Lemma 2.3. [13, Lemma 7.3] Let m be a positive integer. We have
∑
a∈Fq
am =
{
0, if (q − 1) ∤ m or m = 0;
−1 if (q − 1) | m and m 6= 0,
where 00 := 1.
From now, χ denote the non-trivial quadratic character of F∗q.
Remark 2.4. It is known that χ(a) = (−1)n ∈ C if and only if a q−12 = (−1)n ∈ Fq.
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The following lemma characterizes module p, the number of rational points of elliptic
curves over Fp.
Lemma 2.5. Let E : y2 = x3 + Ax + B be an elliptic curve over Fp, where p is a odd
prime. The number of rational points of E over Fp satisfies the relation
|E(Fp)| − p− 1 ≡ −
⌊ p−1
4
⌋∑
l=⌈ p−1
6
⌉
( p−1
2
2l
)(
2l
p−1−2l
2
)
B
p−1
2
−2lA3l−
p−1
2 (mod p)
Proof: We observe that
1 + χ(x3 + Ax+B) =
{
0, if x3 + Ax+B is not a square in Fp;
2, if x3 + Ax+B is a square in Fp.
Therefore, considering ∞ as a solution, we have
|E(Fp)| = 1 +
∑
x∈Fp
[1 + χ(x3 + Ax+B)] = p+ 1 +
∑
x∈Fp
χ(x3 + Ax+B).
By Remark 2.4,
∑
x∈Fp
χ(x3 + Ax+B) ≡
∑
x∈Fp
(x3 + Ax+B)
p−1
2
≡
∑
x∈Fp
p−1
2∑
i=0
(p−1
2
i
)
xi(x2 + A)iB
p−1
2
−i
≡
∑
x∈Fp
p−1
2∑
i=0
(p−1
2
i
)
B
p−1
2
−ixi
i∑
j=0
(
i
j
)
x2jAi−j
≡
p−1
2∑
i=0
i∑
j=0
( p−1
2
i
)(
i
j
)
Ai−jB
p−1
2
−i ∑
x∈Fp
x2j+i (mod p).
By Lemma 2.3, the sum
∑
x∈Fp x
2j+i is nonzero only if 2j + i ≡ 0 (mod p − 1) and
2j + i 6= 0, and in these cases, the sum is −1. In addition, since
2j + i ≤ 2 · p− 1
2
+
p− 1
2
=
3(p− 1)
2
< 2(p− 1),
it follows that
p−1
2∑
i=0
i∑
j=0
(p−1
2
i
)(
i
j
)
Ai−jB
p−1
2
−i ∑
x∈Fp
x2j+i ≡ −
⌊ p−1
4
⌋∑
l=⌈ p−1
6
⌉
( p−1
2
2l
)(
2l
p−1−2l
2
)
B
p−1
2
−2lA2i−
p−1−2l
2
≡ −
⌊ p−1
4
⌋∑
l=⌈ p−1
6
⌉
( p−1
2
2l
)(
2l
p−1−2l
2
)
B
p−1
2
−2lA3l−
p−1
2 (mod p).

Corollary 2.6. Let E : y2 = x3+B be an elliptic curve over Fp, where p is a odd prime.
The number of rational points of E over Fp satisfies the relation |E(Fp)| − p − 1 ≡ 0
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(mod p) if p ≡ 2 (mod 3) and
|E(Fp)| − p− 1 ≡ −
( p−1
2
p−1
3
)
B
p−1
6 (mod p)
if p ≡ 1 (mod 3).
Theorem 2.7. [20, Theorem 2.3.1, Chapter V] Let E : y2+a1xy+a2y = x
3+a3x
2+a4x+a5
be an elliptic curve over Fq. Then, there is a complex number ω such that |ω| = √q and
|E(Fqk)| = qk + 1− ωk − ω k,
for all positive integer k.
The motivation for the next two definitions comes from Lemma 2.10, where we find the
number of rational points of a specific elliptic curve.
Definition 2.8. Let p 6= 3 be a prime number. Let define κ7 = 1 and κ13 = −5 and for
p ≡ 1 (mod 3), p ≥ 19, κp is defined as the unique integer that satisfies |κp| ≤ 2√p and
κp ≡ −
( p−1
2
p−1
3
)
· 4− p−16 (mod p).
In addition, for p ≡ 2 (mod 3), let define κp = 0.
From this definition, it is not clear that κp exists for all p. But, as we will see, Lemma
2.10 guarantee the existence of κp.
Definition 2.9. Let πp denotes the complex number
−κp
2
+ i
√
p− κ
2
p
4
.
Lemma 2.10. Let E : y2 = x3 + 4−1 be an elliptic curve over Fp, with p prime and
p 6∈ {2, 3}. Then
|E(Fpk)| = pk + 1− πkp − πp k,
for all positive integer k.
Proof: By Theorem 2.7, there exists a complex number ω such that |ω| = √q for which
|E(Fp)| = p+ 1− ω − ω.
By Corollary 2.6 and Definition 2.9, we conclude that ω = πp. Now, by Theorem 2.7, we
have
|E(Fpk)| = pk + 1− πkp − πp k,
for all positive integer k. 
3. Binomials of the form xn(x
q−1
2 + a)
In this section, Fq denote a finite field of odd characteristic p. Masuda-Zieve Theorem
(Theorem 1.1), in the case r = 2, implies that the number N of elements a ∈ Fq for which
the binomial xn(x
q−1
2 + a) permutes Fq satisfies
q − 5
2
≤ N ≤ q + 1
2
.
One goal of this article is to determine the exact value of N in this case (Theorem 3.2).
In order to proof that theorem, we shall now show the necessary and sufficient conditions
for that binomial of the form xn(x
q−1
2 + a) to be a permutation polynomial.
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Lemma 3.1. [13, Theorem 7.11] Let n be a positive integer and a an element in F∗q.
Then, f(x) := xn(x
q−1
2 + a) is a permutation polynomial if and only if
(a) gcd
(
n, q−1
2
)
= 1;
(b) χ(a2 − 1) = (−1)n+1.
Proof: It is enough to show that the condition (b) is equivalent to the condition (iii)
in Theorem 2.1. Let α be an primitive element in Fq and observe that
α
n(q−1)
2 (α
q−1
2 + a)
q−1
2 6= αn 2(q−1)2 (α 2(q−1)2 + a) q−12
is equivalent to (−1)n(a−1) q−12 6= 1 · (a+1) q−12 , which is the same as (a2−1) q−11 6= (−1)n.
So, the result follows from Remark 2.4. 
Theorem 3.2. Let n be an integer such that gcd(n, q−1
2
) = 1. The number of elements
a ∈ Fq for which the binomial xn(x q−12 + a) permutes Fq is given by the formula
q − 2 + (−1)n
2
.
Proof: Let M denote the number of elements a ∈ Fq for which χ(a2 − 1) = 1, and in
this case, if b := a2 6= 1, then b and b−1 are simultaneously squares in Fq. In other hand,
(
1 + χ(b)
)(
1 + χ(b− 1)) =


0, if either b or b− 1 is not a square residue;
4, if b and b− 1 are square residues and b(b− 1) 6= 0
2, if b and b− 1 are square residues and b(b− 1) = 0
Using these equalities we have
2M =
∑
b∈Fq
b6=1
(
1 + χ(b)
)(
1 + χ(b− 1)) = ∑
b∈Fq
b6=1
1 +
∑
b∈Fq
b6=1
χ(b) +
∑
b∈Fq
b6=1
χ(b− 1) +
∑
b∈Fq
b6=1
χ(b(b− 1)).
The first summation is equal to q − 1 and, by Lemma 2.2, we conclude that the second
summation is equal to −1 and the third summation is equal to 0. In order to calculate
the last summation, by Remark 2.4, we have∑
b∈Fq
b6=1
χ(b(b− 1)) =
∑
b∈Fq
b6=1
χ(b2)χ(1− b−1) =
∑
x∈Fq
x 6=1
χ(x) = −χ(1) = −1.
Therefore, we conclude that M = q−3
2
.
Now, by Theorem 3.1 the number of a ∈ Fq for which the binomial xn(x q−12 + a)
permutes Fq is given by M =
q−3
2
if n is odd and |Fq\{±1}| −M = q−12 if n is even. 
4. Binomials of the form xn(x
q−1
3 + a)
In this section, we assume that q ≡ 1 (mod 3), ξ 6= 1 be a cubic root of unit in Fq
and δ 6= 1 be a cubic root of unit in C. Let η be the cubic multiplicative character that
satisfies
η(a) = δn if and only if a
q−1
3 = ξn, for all a ∈ F∗q
and extend η to Fq defining η(0) = 0. By Masuda-Zieve Theorem (Theorem 1.1), the
number N of elements a ∈ Fq for which the binomial xn(x q−13 + a) permutes Fq satisfies
2
9
(
q − 35− 20√q) ≤ N ≤ 2
9
(
q + 1 + 20
√
q
)
.
In Theorem 4.5, we determine the exact value of N . In order to proof the principal result
of this section, we need the following technical lemmas.
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Lemma 4.1. Let n be a positive integer. The polynomial f(x) := xn(x
q−1
3 + a) ∈ Fq[x] is
a permutation polynomial over Fq if and only if the following conditions are satisfied
(a) gcd
(
n, q−1
3
)
= 1;
(b) a 6∈ {−1,−ξ,−ξ2};
(c) η
(
ξ+a
1+a
) 6= δ2n;
(d) η
(
1+a
ξ2+a
) 6= δ2n;
(e) η
(
ξ2+a
ξ+a
) 6= δ2n.
Proof: Observe that the condition (b) is equivalent to condition (ii) in Theorem 2.1.
Thus, it is sufficient to show that the conditions (c), (d) and (e) are equivalent to the
condition (iii) in Theorem 2.1. Since ξ = α(q−1)/3 for some α primitive element in Fq that
condition is the same as
ξni(ξi + a)
q−1
3 6= ξnj(ξj + a) q−13 , with 0 ≤ i < j < 3,
and we can rewrite these inequalities as
ξn(ξ + a)
q−1
3
ξ0·n(1 + a)
q−1
3
6= 1, ξ
n(1 + a)
q−1
3
ξ2n(ξ2 + a)
q−1
3
6= 1 and ξ
2n(ξ2 + a)
q−1
3
ξn(ξ + a)
q−1
3
6= 1.
By the choice of the character η, these are equivalent to
η
(
ξ + a
1 + a
)
6= δ2n, η
(
1 + a
ξ2 + a
)
6= δ2n and η
(
ξ2 + a
ξ + a
)
6= δ2n.
Hence, the result follows. 
Lemma 4.2. Let Λ := Fq\{−1,−ξ,−ξ2}. Then
δn
∑
a∈Λ
η
(
ξ + a
1 + a
)
+ δ2n
∑
a∈Λ
η2
(
ξ + a
1 + a
)
= ǫ1 + ǫ2,
where
ǫ1 =
{
−2, if q − 3n ≡ 1 (mod 9);
1, if q − 3n 6≡ 1 (mod 9). and ǫ2 =
{
−2, if n ≡ 0 (mod 3);
1, if n 6≡ 0 (mod 3).
Proof: We observe that the function f : Fq\{−1} → Fq\{1} defined by x 7→ ξ+x1+x is a
bijective function. Since f(x) is injective,
δn
∑
a∈Λ
η
(
ξ + a
1 + a
)
+ δ2n
∑
a∈Λ
η2
(
ξ + a
1 + a
)
= δn
∑
b∈ℑ(f |Λ)
η(b) + δ2n
∑
b∈ℑ(f |Λ)
η2(b),
where ℑ(f |Λ) denotes the image of the function f considering the domain Λ.
It follows from Lemma 2.2 that
δn
∑
b∈ℑ(Λ)
η(b) + δ2n
∑
b∈ℑ(Λ)
η2(b) = −δn
∑
b∈Fq\ℑ(f |Λ)
η(b)− δ2n
∑
b∈Fq\ℑ(f |Λ)
η2(b).
Since f(x) is a bijective function, Fq\ℑ(f |Λ) = {1, f(−ξ), f(−ξ2)} = {1, 0,−ξ2}. Then,
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−δn
∑
b∈Fq\ℑ(f |Λ)
η(b)− δ2n
∑
b∈Fq\ℑ(f |Λ)
η2(b) = δn[−η(1)− η(−ξ2)] + δ2n[−η2(1)− η2(−ξ2)]
= −δn − δ2n − (δ−nδ q−13 )2 − (δ−nδ q−13 ).
Finally, defining ǫ1 = −δn − δ2n and ǫ2 = −
(
δ−nδ
q−1
3
)2 − (δ−nδ q−13 ) and using the fact
that
1 + δl + δ2l =
{
0 if l 6≡ 0 (mod 3)
3 if l ≡ 0 (mod 3),
we obtain the result. 
Lemma 4.3. Let Fq be a finite field with q = p
k elements, where p is an odd prime. Let
denote Λ = Fq\{−1,−ξ,−ξ2}. Then∑
a∈Λ
η
(
a2 − a + 1
a2 + 2a+ 1
)
+ η2
(
a2 − a+ 1
a2 + 2a+ 1
)
= −2 − π kp − πp k,
where πp is as in Definition 2.9.
Proof: Observe that
η(b) + η2(b) =
{
2, if there is c ∈ F∗q such that b = c3;
−1, in otherwise.
Let S :=
∑
a∈Λ
η
(
a2−a+1
a2+2a+1
)
+ η2
(
a2−a+1
a2+2a+1
)
and f(x) := x
2−x+1
x2+2x+1
. Thus,
S = 2 · ∣∣{a ∈ Λ : f(a) is a cube in Fq}∣∣− 1 · ∣∣{a ∈ Λ : f(a) is not a cube in Fq}∣∣. (1)
Therefore, it is enough to calculate the cardinality ofA := {a ∈ Λ : f(a) is a cube in Fq}.
Given b an element in F∗q, we want to determine the elements a ∈ Λ for which f(a) = b3
for some b ∈ Fq. However, assuming that a is an element in Λ such that f(a) = b3, we get
a2(1− b3)− a(1 + 2b3) + 1− b3 = 0. (2)
If b3 = 1, then a = 0. If b3 6= 1, this equation has two solutions in Fq2 , given by
a =
1 + 2b3 ±√∆
2(1− b3) , (3)
where ∆ := (1 + 2b3)2 − 4(1− b3)2 = (1 + 2b3 + 2− 2b3)(1 + 2b3 − 2 + 2b3) = −3 + 12b3.
Note that the values for a given by (3) are in Fq if and only if ∆ = −3 + 12b3 is a square
in Fq. Hence, fixed b ∈ Fq, there exists a ∈ Λ such that f(a) = b3 if and only if there
exists xa ∈ Fq such that x2a = −3 + 12b3. Thus, this last problem is equivalent to finding
the number of rational points of the curve
E : x2 = −3 + 12y3
over Fq. It should be noted that some rational points in E(Fq) are related to elements
that are not in Λ, which are (ξ−ξ2, 0) and (ξ2−ξ, 0). Besides these, the six rational points
(±3, 1), (±3, ξ), (±3, ξ2) ∈ E(Fq) should also not be considered, because are related to
b = 1. Now, let G = {∞, (ξ − ξ2, 0), (ξ2− ξ, 0), (±3, 1), (±3, ξ), (±3, ξ2)} ⊂ E(Fq) and let
ϕ : E(Fq)\G −→ A\{0}
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be a function defined by
(x, y) 7→ 1 + 2y
3 + x
2(1− y3) .
Clearly, by definition of A, ϕ is a surjective function. In addition, if (x0, y0) is a
rational point in E(Fq)\G, then (x0, ξy0), (x0, ξ2y0) ∈ E(Fq)\G are such that ϕ((x0, y0)) =
ϕ((x0, ξy0)) = ϕ((x0, ξ
2y0)). We observe also that if (x1, y1) is rational point in E(Fq)\G
such that (x1, y1) does not belongs to {(x0, y0), (x0, ξy0), (x0, ξ2y0)}, then ϕ((x1, y1)) 6=
ϕ((x0, y0)). Consequently,
|E(Fq)\G| = 3 · |A\{0}|. (4)
Thus, in order to calculate |A|, we only need to find the number of elements in E(Fq).
Now, if we make the change of variables (x, y) 7→ ((2ξ2 − 2ξ)x,−y) in the curve E, then
we get E ′ : x2 = 4−1 + y3. Then |E(Fq)| = |E ′(Fq)|. By Lemma 2.10 and by Equation
(4), we have
|A| = |A\{0}|+ 1 = |E(Fq)| − |G|
3
+ 1 =
q − 5− πkp − πp k
3
.
Hence, by Equation (1), the result is proved. 
The following lemma shows an equivalent result of Lemma 4.3 but in fields with 4k
elements.
Lemma 4.4. Let Λ := F4k\{−1,−ξ,−ξ2}. Then
S :=
∑
a∈Λ
η
(
a2 + a+ 1
a2 + 1
)
+ η2
(
a2 + a + 1
a2 + 1
)
= −2 + (−2)k+1.
Proof: Let f(x) := x
2+x+1
x2+1
. By the same argument used to prove the previous lemma,
we have
S = 2 · ∣∣{a ∈ Λ : f(a) is a cube in F4k}∣∣− 1 · ∣∣{a ∈ Λ : f(a) is not a cube in F4k}∣∣. (5)
Therefore, it is enough to calculate the cardinality ofA := {a ∈ Λ : f(a) is a cube in F4k}.
Given b an element in F∗4k , we want to find what are the elements a ∈ Λ for which f(a) = b3.
However, assuming that a is an element in Λ such that f(a) = b3, we get
a2(1− b3)− a+ 1− b3 = a2(1 + b3) + a + 1 + b3 = 0. (6)
If b3 = 1, then a = 0. Now, we consider b3 6= 1. Making the change of variables
x = a(1 + b3) and y = b2
2k−1
, we get the equation
x2 + x+ 1 + y3 = 0. (7)
Since (a, b) 7→ (a(1+ b3), b22k−1) is a bijective function in Fq×Fq\{1, ξ, ξ2}, the number
of rational points on (6) and (7) is the same. Now, let E : x2+x = y3+1 be a elliptic curve
over F4k . We let G = {∞, (ξ, 0), (ξ2, 0), (0, 1), (0, ξ), (0, ξ2), (1, 1), (1, ξ), (1, ξ2)} ⊂ E(F4k)
and let
ϕ : E(F4k)\G −→ A\{0}
defined by
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(x, y) 7→ x(1 + y6)−1.
As in the previous lemma, it follows that
|E(F4k)\G| = 3 · |A\{0}|, (8)
and by Theorem 2.7, there exists a complex number ω ∈ C, with |ω| = √2, such that
|E(F2m)| = 2m + 1− ωm − ωm, for all m ∈ N. (9)
The rational points of E : x2 + x = y3 + 1 over F2 are ∞, (0, 1) and (1, 1), then
2n + 1− ω − ω = |E(F2)| = 3,
thus ω =
√
2i. Finally, by Equation (8) and Equation (9), we get
|A| = |A\{0}|+ 1 = |E(F4k)| − |G|
3
+ 1 =
4k − 5 + (−2)k+1
3
.
Hence, by Equation (5), the result is proved. 
Our main result is the following.
Theorem 4.5. Let Fq be a finite field with characteristic p and q = p
k. Assume q ≡ 1
(mod 3). Let n be a positive integer such that gcd(n, q−1
3
) = 1. The number of elements
a ∈ Fq for which the binomial f(x) = xn(x q−13 + a) permutes Fq is given by
2q − 3(ǫ1 + ǫ2)− 10− 2(π kp + πp k)
9
,
where πp is as in Definition 2.9 and
ǫ1 =
{
−2, if q − 3n ≡ 1 (mod 9);
1, if q − 3n 6≡ 1 (mod 9). and ǫ2 =
{
−2, if n ≡ 0 (mod 3);
1, if n 6≡ 0 (mod 3).
Proof: Let Λ := Fq\{−1,−ξ,−ξ2}. By Lemma 4.1, it is enough to calculate the number
of elements a ∈ Λ for which
η
(
ξ + a
1 + a
)
6= δ2n, η
(
1 + a
ξ2 + a
)
6= δ2n and η
(
ξ2 + a
ξ + a
)
6= δ2n,
Let denote by N the number of such elements. To simplify the notation, let
λ0 :=
ξ + a
1 + a
, λ1 :=
1 + a
ξ2 + a
and λ2 :=
ξ2 + a
ξ + a
, (10)
leaving implicit the dependence on a. Note that
2− η(x)
δ2n
− η
2(x)
δ4n
=
{
0, if η(x) = δ2n;
3, if η(x) 6= δ2n, (11)
Thus we know that
N =
1
27
∑
a∈Λ
[
2− η(λ0)
δ2n
− η
2(λ0)
δn
][
2− η(λ1)
δ2n
− η
2(λ1)
δn
][
2− η(λ2)
δ2n
− η
2(λ2)
δn
]
(12)
In order to calculate N , we use the fact that
{η(λ0)}a∈Λ = {η(λ1)}a∈Λ = {η(λ2)}a∈Λ,
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so, rewriting Equation (12) as N = 1
27
∑7
j=1Nj , where
N1 =
∑
a∈Λ
(
8− η(λ0)η(λ1)η(λ2)− η2(λ0)η2(λ1)η2(λ2)
)
=
∑
a∈Λ
(
8− η(1)− η2(1))
= 6|Λ| = 6(q − 3).
N2 = −4δn
∑
a∈Λ
(
η(λ0) + η(λ1) + η(λ2)
)− 4δ2n∑
a∈Λ
(
η2(λ0) + η
2(λ1) + η
2(λ2)
)
= −12δn
∑
a∈Λ
η(λ0)− 12δ2n
∑
a∈Λ
η2(λ0).
N3 = −δn
∑
a∈Λ
(
η2(λ0)η(λ1)η(λ2) + η
2(λ1)η(λ0)η(λ2) + η
2(λ2)η(λ0)η(λ1)
)
= −δn
∑
a∈Λ
(
η(λ0)η(1) + η(λ1)η(1) + η(λ2)η(1)
)
= −3δn
∑
a∈Λ
η(λ0).
N4 = −δ2n
∑
a∈Λ
(
η(λ0)η
2(λ1)η
2(λ2) + η(λ1)η
2(λ0)η
2(λ2) + η(λ2)η
2(λ0)η
2(λ1)
)
= −δ2n
∑
a∈Λ
(
η2(λ0)η
2(1) + η2(λ1)η
2(1) + η2(λ2)η
2(1)
)
= −3δ2n
∑
a∈Λ
η2(λ0).
N5 = 2δ
2n
∑
a∈Λ
(
η(λ1)η(λ2) + η(λ0)η(λ3) + η(λ1)η(λ3)
)
= 2δ2n
∑
a∈Λ
(
η(λ−10 ) + η(λ
−1
1 ) + η(λ
−1
2 )
)
= 6δ2n
∑
a∈Λ
η2(λ0).
N6 = 2δ
n
∑
a∈Λ
(
η2(λ1)η
2(λ2) + η
2(λ0)η
2(λ3) + η
2(λ1)η
2(λ3)
)
= 2δn
∑
a∈Λ
(
η2(λ−10 ) + η
2(λ−11 ) + η
2(λ−12 )
)
= 6δn
∑
a∈Λ
η(λ0).
N7 = 2
∑
a∈Λ
(
η(λ0λ
−1
1 ) + η(λ0λ
−1
2 ) + η(λ1λ
−1
0 ) + η(λ1λ
−1
2 ) + η(λ2λ
−1
0 ) + η(λ2λ
−1
1 )
)
= 6
∑
a∈Λ
(
η(λ0λ
−1
1 ) + η(λ1λ
−1
0 )
)
= 6
∑
a∈Λ
(
η(λ0λ
−1
1 ) + η
2(λ0λ
−1
1 )
)
.
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Hence,
N=
1
27
7∑
j=1
Nj=
6(q − 3)
27
− 9
27
[
δn
∑
a∈Λ
η(λ0)+δ
2n
∑
a∈Λ
η2(λ0)
]
+
6
27
∑
a∈Λ
(
η(λ0λ
−1
1 )+η
2(λ0λ
−1
1 )
)
.
By Lemma 4.2, we have
δn
∑
a∈Λ
η(λ0) + δ
2n
∑
a∈Λ
η2(λ0) = ǫ1 + ǫ2.
and by Lemma 4.3 and Lemma 4.4, we obtain∑
a∈Λ
(
η(λ0λ
−1
1 ) + η
2(λ0λ
−1
1 )
)
= −2− π kp − πp k.
Using the last three equations we obtain the result. 
Corollary 4.6. Let p be a prime number, k be a positive integer and Fq be a finite
field with q = pk elements. Assume q ≡ 1 (mod 3). Let n be a positive integer such
that gcd(n, q−1
3
) = 1 and Tk be the number of elements a ∈ Fq for which the binomial
f(x) = xn(x
q−1
3 + a) permutes Fq. Then⌈
2q − 4√q − 16
9
⌉
≤ Tk ≤
⌊
2q + 4
√
q − 7
9
⌋
. (13)
In addition, these inequalities are asymptotically sharp, i.e., for every ǫ > 0 there exist
infinite values of k and k′ such that
Tk <
2
9
q −
(
4
9
− ǫ
)√
q and Tk′ >
2
9
q +
(
4
9
− ǫ
)√
q. (14)
Proof: Since gcd(n, q−1
3
) = 1, by the definition of ǫ1 and ǫ2, it is not possible that ǫ1 =
ǫ2 = −2, then −1 ≤ ǫ1+ ǫ2 ≤ 2. So, the inequalities in (13) follow from |πkp | = pk/2 =
√
q.
In order to prove the inequalities in (14), we observe that, in the case that the character-
istic is congruent to 2 (mod 3), then πp = i
√
p and the bounds are achieved alternately
for every even number k. Thus, it remains to consider the case when the characteris-
tic is congruent to 1 (mod 3). Since πp =
√
peiθp , where θp = arctan
(√
4p−k2p
kp
)
, then
πkp + πp
k = 2
√
q cos(kθp).
If θp
pi
= r
s
is a rational number, and since tan( rpi
s
) has algebraic degree ≤ 2 over Q,
then it follows from Theorem 3.11 in [16] that s ∈ {1, 3, 4, 6, 8, 12}. However, it is easy
to verify that the equation
√
4p−a2
a
= tan(pir
s
) with a ∈ Z, s ∈ {1, 3, 4, 6, 8, 12}, 1 ≤ r < s,
gcd(r, s) = 1 and p ≡ 1 (mod 3) does not have integer solutions. So, it follows that θp
pi
is
an irrational number.
Now, considering any convergent ml
nl
of the continued fraction of θp
2pi
, we know that it
satisfies the inequality | θp
2pi
− ml
nl
| < 1
n2
l
(see [9, Theorem 164]), then nlθp = 2πml +
δl
nl
with
|δl| < 2π. Therefore
πkp + πp
k = 2
√
q cos (nlθp) = 2
√
q cos
(
δl
nl
)
>
√
q
(
2− δ
2
l
n2l
)
.
In the same way, considering the convergent ml
nl
of the continued fraction of θp
pi
, and
using the fact that |mlnl+1−ml+1nl| = 1 (see [9, Theorem 150]), thus having at least one
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of the numbers ml, ml+1 odd, we have that there exist infinitely many integers l such that
ml is odd and
πkp + πp
k = 2
√
q cos (nlθp) = 2
√
q cos
(
mlπ +
δl
nl
)
= −2√q cos
(
δl
nl
)
< −√q
(
2− δ
2
l
n2l
)
,
where |δl| < π. These last two inequalities and Theorem 4.5 implied the inequalities in
(14) and then the result in the Equation (13) is asymptotically sharp. 
Example 4.7. Let p = 73, Fq be a finite field with p
k elements and n = 35. By definition,
κ73 = 7 and π73 =
−7+i√243
2
. Thus, if gcd(35, 73
k−1
3
) = 1, then Theorem 4.5 states that
the number of elements a ∈ F73k for which the polynomial x35(x 73
k
−1
3 + a) permutes F73k
is given by
Tk =
2 · 73k − 16− 2(−7+i
√
243
2
) k − 2(−7−i
√
243
2
) k
9
.
In particular, T1 = 16. In fact, using SageMath software ([18]) is easy to verify that
x59, x35(x24 + 2), x35(x24 + 4), x35(x24 + 16), x35(x24 + 18), x35(x24 + 21), x35(x24 + 22),
x35(x24 + 30), x35(x24 + 32), x35(x24 + 33), x35(x24 + 37), x35(x24 + 45), x35(x24 + 55),
x35(x24 + 57), x35(x24 + 68) and x35(x24 + 71) are all the permutation binomials of that
form.
In addition, for k1 = 1217 and k2 = 1578 we have that
pk1 − 9
2
Tk1
pk1/2
> 1.999998451823 and
pk2 − 9
2
Tk2
pk2/2
< −1.99999906282.
Finally, we note that Corollary 4.6 improves the constant M3 = 20 in Theorem 1.1 to
the value 2, so, a natural question is how improve to Mr for any r ≥ 4.
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